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Abstract. We investigate the transverse momentum dependent (TMD) quark and gluon distribution func-
tions in the modified chiral quark model (χQM). Calculations of the TMD quark and gluon densities, using
the modified χQM are done for the first time in this article. For this propose we first formulate the TMD
interactions that occur in the χQM at low Q2 scale (Q2 = 0.35 GeV 2) and then obtain the TMD parton
distributions inside the proton, considering the interactions. To this end, we need to compute the TMD
bare quark distributions. These TMD bare densities are calculated, using the solution of Dirac equation
with a squared radial symmetry potential . It is shown that our results consist appropriate behavior which
are expecting for the TMD parton distributions.
PACS. 12.38.Bx, 12.38.Aw,12.38.Qk, 14.65.Bt
1 Introduction
To extend our knowledge of the nucleon structure far be-
yond what we know from parton distribution functions
(PDFs) about longitudinal momentum distributions, we
need a generalization of PDFs which are known as trans-
verse momentum dependent parton distribution functions
(TMDs). These functions contain also some information
on transverse parton momenta as well as spin-orbit corre-
lations.
TMDs are important since they play essential roles in
the theoretical description of some experimental quantities
like single spin asymmetries which exist in various hard
processes including semi-inclusive deep inelastic scattering
(SIDIS), Drell-Yan processes, etc [1,2,3]. These functions
can also be called the unintegrated parton distributions
[4].
TMDs are expecting to perform us a three-dimensional
view of the parton distributions in momentum space. There-
fore they give us sufficient information in addition to what
can be learned from the generalized parton densities [5,6,
7,8].
In comparison with the integrated parton densities,
our knowledge about the TMD parton distributions is
not rich. In contrast to the integrated parton distribu-
tions which there are many model calculations for them,
there are not enough for the TMD distributions.
The purpose of this work is extracting the unpolarized
TMD quark and gluon distributions using the chiral quark
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Fig. 1. Up (U) and down (D) constituent quarks. This figure
is quoted from Ref.[10].
model.
The main property of the χQM is its application at low
Q2 scales. This property is due to breaking the chiral sym-
metry at low energy scales. In these scales, the light quark
masses are not ignorable in comparison with the nucleon
mass and chiral symmetry is broken.
In the χQM , the bare quarks inside the nucleon are sur-
rounded by the clouds of Goldstone (GS) bosons and glu-
ons [9,10]. Considering the interactions which occur in this
bounded system at the first approximation and also the
relations between the transverse momentum of the bare
quarks and GS bosons(gluons) in these interactions, we
can obtain the TMD quark and gluon distributions inside
the proton. In order to do these calculations, we need to
know the proton TMD bare quark distributions. Using the
solution of the Dirac equation by considering the harmonic
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Fig. 2. (a) The fluctuation of a bare quark qi into a GS boson B plus a struck quark qj . (b) A bare quark qi emits a gluon and
transforms to a constituent quark qj .
oscillator potential, these TMD bare distributions can be
calculated.
The plan of this paper is as follows. Applying the
χQM , the TMD quark and gluon densities are calculated
in section 2. For this purpose, we first investigate the inter-
actions which occur at the vertex of bare quark-GS bosons
and also the bare quark-gluon vertex in the χQM in sub-
sections 2.1 and 2.2. In subsection 2.3 the required TMD
bare quark distributions are computed. We give our results
in section 3 and finally render our conclusions in section
4.
2 TMD quark and gluon distributions in the
chiral quark model
In this section, we calculate the transverse momentum
dependence of unpolarized quark and gluon distribution
functions applying the chiral quak model. In this model
which is used at low Q2 scales, the important degrees of
freedom are expressed in terms of quarks, gluons and GS
bosons. In the χQM , the nucleon is consisted of the bare
up and down quarks (u0, d0) which are surrounded by the
clouds of GS bosons and gluons (Fig.1). We first investi-
gate in subsection 2.1 and 2.2 the different types of inter-
actions which can be occurred at the vertexes of Fig.1.
2.1 The bare quark-GS boson vertex
At the first approximation, one basic process which can
be occurred at the vertex of bare quark-GS boson in Fig.1
is considered. In this process, the bare quark qi fluctuates
into the intermediate quark qj and a GS boson B which is
represented in Fig.2(a). This fluctuation can be given by:
qj(x, pT ) =
∫ 1
x
dy
y
PjB/i(y, pT )q0,i(
x
y
, pT ) . (1)
In Eq.(1), PjB/i is the splitting function that expresses the
probability for finding the struck quark qj with longitudi-
nal momentum fraction y and the transverse momentum
pjT and also the GS boson which is carried the longi-
tudinal momentum fraction 1 − y of the parent quark’s
momentum and the transverse momentum pBT .
We can write the transverse momenta of the quark qj and
the GS boson in terms of the transverse momentum of the
bare quark qi, pT , and the intrinsic variables [11]:
pjT = kT + ypT , pBT = −kT + (1 − y)pT . (2)
Based on Sullivan processes [12] we can suggest the TMD
splitting function PjB/i as it follows:
PjB/i(y, pT ) =
1
8π2
(
gAm¯
f
)2(1− y)∫ tmin
−Λ2χ
[(mi −mj)
2 − t]
(t−m2B)
2
dt , (3)
where Λχ is the cut off parameter,mi, mj and mB are the
mass of quarks qi, qj and the GS boson, respectively. The
parameter t is defined as:
t =
−[p2jT + (1 − y)[m
2
j − ym
2
i ]]
y
=
−[(kT + ypT )
2 + (1 − y)[m2j − ym
2
i ]]
y
. (4)
Substituting the t parameter in Eq.(3), we will arrive at:
PjB/i(y, pT ) =
∫
dkT
2(kT + ypT )
y2(1− y)(m2i −M
2
jB)
2
((mj −miy)
2 + (kT + ypT )
2)×
1
8π2
(
gAm¯
f
)2. (5)
In Eq.(5), gA and f denote the axial vector constant and
the pseudo-scalar decay constant, respectively; m¯ is the
average mass of qi and qj and M
2
jB is the square invariant
mass of the final stat:
M2jB =
m2j + (kT + ypT )
2
y
+
m2B + (kT + ypT )
2
1− y
. (6)
It is obvious that tmin in Eq.(3) can be obtained from
Eq.(4) by substituting kT = 0 in this equation [13]. It
is found that if we put pT = 0 in Eq.(4), this equation
will be casted to its usual form while there is not finally
any transverse momentum dependence in the χQM [14,
15]. In this case the splitting function PjB/i and also the
qj distribution are given by expressions which are used in
Refs.[10,16,17,18].
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Fig. 3. The three dimentional representaions of transverse momentum dependent splitting functions Pupi−/d, Pug/u and Psk0/d
with respect to y and pT .
2.2 The vertex of the bare quark-gluon
A similar process can be occurred in the vertex of bare
quark-gluon, at the first approximation (Fig.2(b)). In this
process the bare quark qi emits a gluon and appears as
the recoiled quark qj . The TMD qj distribution has the
following form:
qj(x, pT ) =
∫ 1
x
dy
y
Pjg/i(y, pT )q0,i(
x
y
, pT ) . (7)
Here the related TMD splitting function Pjg/i is:
Pjg/i(y, pT ) =
∫
dkTG
2
jg/i
2(kT + ypT )
y2(1− y)(m2i −M
2
jg)
2
((mj −miy)
2 + (kT + ypT )
2)× Cf
αs(Q
2)
4π
, (8)
where Cf is the color factor and the square invariant mass
of the final quark-gluon state, M2jg, is written as:
M2jg =
m2j + (kT + ypT )
2
y
+
m2g + (kT + ypT )
2
1− y
. (9)
In this equation mg denotes the gluon mass.
In Eq.(8), the vertex function Gjg/i is defined as:
Gjg/i = exp
(
m2i −M
2
jg
2Λ2χ
)
. (10)
The TMD gluon distribution is also calculated via the
interaction of Fig.2(b).
We use the following notation for the convolution in-
tegrals in Eqs.(1) and (7):
PjB/i ⊗ q0 =
∫ 1
x
dy
y
PjB/i(y, pT )q0(
x
y
, pT ),
Pjg/i ⊗ q0 =
∫ 1
x
dy
y
Pjg/i(y, pT )q0(
x
y
, pT ). (11)
2.3 TMD bare quark distribution functions
In order to calculate the TMD distribution functions in-
side the proton using Eqs.(1) and (7), we should first com-
pute the TMD bare quark distributions. For this purpose
we use the solution of the Dirac equation under harmonic
oscillator potential [10,19,20]. Applying this approach the
ground state wave function of the bare quark in the mo-
mentum space in terms of two parameters ρ and R is ob-
tained as [10]:
φ0(p) = −π
− 34R
3
2 (1 +
3ρ2
2
)−
1
2 e−
p2R2
2 χsχfχc , (12)
where χs, χf and χc are the related spin, flavor and color
parts of the wave function.
We consider the probability density as ̺ = φ†0(p)φ0(p).
The TMD bare quark distribution, f(x, pT ), satisfies the
following relation [10,21]:∫
̺δ(p0 −
√
(p3)2 + (pT )2 +m2)dp
0dp3d2pT
=
∫
f(x, pT )d
2pTdx . (13)
In above equation p0, p = (p1, p2, p3) and m are the
bare quark energy, 3-momentum and mass, respectively.
In Eq.(13) we use the relations which exist between the
components of four vector momentum in standard coor-
dinates and light cone coordinates so we can write [10,
21]:
dp0dp3d2pT =
1
2
Mtdp
−dxd2pT . (14)
Finally, by comparing the both sides of Eq.(13), the TMD
bare quark distribution is determined as [10]:
f(x, pT ) =
1
2
MtR
3π−
3
2 (1 +
3ρ2
2
)−1[1 +
(pT )
2 +m2
(Mtx)2
]
×e−R
2(pT )
2
e
−R
2
4 [Mtx−
(pT )
2+m2
Mtx
]2 ; f = u0, d0.
(15)
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Fig. 4. The TMD quark and gluon distribution functions with respect to x at pT = 0.1, 0.2 and 0.3 GeV .
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Fig. 5. The TMD distribution of u and d quarks at two set of x values.
According to above discussion, the unpolarized TMD
quark distributions are given as following:
u(x, pT ) = Zuu0(x, pT ) + Pupi−/d ⊗ d0
+
1
2
Pupi0/u ⊗ u0 + Pug/u ⊗ u0, (16)
d(x, pT ) = Zdd0(x, pT ) + Pdpi+/u ⊗ u0
+
1
2
Pdpi0/d ⊗ d0 + Pdg/d ⊗ d0, (17)
s (x, pT ) = Psk+/u ⊗ u0 + Psk0/d ⊗ d0. (18)
Zu and Zd are the renormalization constants of the u and
d bare quark distributions.
Finally, the TMD gluon distribution function is written
as:
g(x, pT ) = Pug/u ⊗ u0 + Pdg/d ⊗ d0. (19)
Now we are able to calculate the TMD quark and gluon
densities using above relations.
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Fig. 6. The TMD s quark and gluon distributions with respect to pT at different values of x.
3 Results
We calculate the unpolarized TMD quark and gluon dis-
tribution functions inside the proton using the effective
chiral quark model at Q2 = 0.35 GeV 2. To this end we
first compute the TMD splitting functions and also bare
quark densities which were discussed in previous section.
In Fig.3, we have displayed the three dimensional rep-
resentation of the TMD splitting functions Pupi−/d, Psk0/d
and Pug/u with respect to y and pT .
We have depicted the TMD u, d ad s quark and also
gluon distributions with respect to x at three values of pT
(pT = 0.1, 0.2 and 0.3 GeV ) in Fig.4.
It is shown that, as have been expected, by increasing
the pT value, the TMD densities falloff down. In fact, the
probability of finding the partons at larger values of pT is
less. This behaviour of the TMD distributions is also seen
in Refs.[22,23,24,25].
In Fig.5 and 6 we have plotted the TMD quark and
gluon densities with respect to pT at different values of x.
It is found that these pT distributions have the forms very
close to the Gaussian distributions [25] and also the width
of these densities is x dependent [25].
It should be pointed out that we have displayed each of
pT densities in two set of x values. In the first set which
contain the small values of x, the TMD distributions grow
by increasing the x value in spite of the behaviour of the
second set in which the pT densities decrease by increasing
the amount of the x variable.
Our results are arising out completely from a theoret-
ical framework. As can be seen in Figs.4-6, these results
yield us an appropriate behaviour in comparison with the
results of Refs.[22,23,24,25]. Furthermore, we have also
calculated the TMD function for strange(s) quark and
gluon distributions, using our theoretical model. Based on
the current quark models, our investigations indicate that
so far computations of the TMD distributions for gluon
and s-quark have not been done.
4 Conclusion
A good understanding of partron densities can be ob-
tained by studying the deep-inelastic lepton nucleon scat-
tering. These studies provide us how the momenta of par-
ton densities are distributed parallel to the nucleon mo-
menta. To go beyond the one dimensional consideration
of quark and gluon substructure, we need to investigate
the transverse momentum dependent of parton densities.
This can be done by taking into account the transverse
momenta of produced hadrons via processes, for instance,
semi-inclusive DIS or dileptons resulted from the Drell-
Yan process.
In this article we used for the first time the modified
χQM to achieve the transverse momentum dependence of
parton densities in unpolarized case. For this propose we
used the Sullivan processes and suggested the TMD split-
ting functions which are being used in the χQM . Another
key gradient in our calculations is to obtain the TMD bare
quarks. This would be possible if we convert properly the
measure of related integration to the light cone coordinate.
What we got for the TMD parton densities are represent-
ing acceptable behaviour with respect to the variation of
transverse momentum and the x-Bjorken variable. Exten-
sion the calculations to the polarized case, using the mod-
ified χQM is possible which we hope to report them in
future.
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